We have investigated the ground state and the two lowest excited states of the CeF molecule using four-component relativistic multiconfigurational quasidegenerate perturbation theory calculations, assuming the reduced frozen-core approximation. The ground state is found to be ͑4f 1 ͒͑5d 1 ͒͑6s 1 ͒, with ⍀ = 3.5, where ⍀ is the total electronic angular momentum around the molecular axis. The lowest excited state with ⍀ = 4.5 is calculated to be 0.104 eV above the ground state and corresponds to the state experimentally found at 0.087 eV. The second lowest excited state is experimentally found at 0.186 eV above the ground state, with ⍀ = 3.5 based on ligand field theory calculations. The corresponding state having ⍀ = 3.5 is calculated to be 0.314 eV above the ground state. Around this state, we also have the state with ⍀ = 4.5. The spectroscopic constants R e , e , and ͑1-0͒ calculated for the ground and first excited states are in almost perfect agreement with the experimental values. 
I. INTRODUCTION
The lanthanide atoms are well characterized by their localized 4f electrons. The light lanthanides are more reactive than the heavier ones because of the near degenerate 4f, 5d, and 6s binding energies. The ground states of most lanthanide atoms have ͑4f͒ n ͑6s͒ 2 configurations, except for the La, Ce, and Gd atoms, which have ͑5d͒ 1 ͑6s͒ 2 , ͑4f͒ 1 ͑5d͒ 1 ͑6s͒ 2 , and ͑4f͒ 7 ͑5d͒ 1 ͑6s͒ 2 , respectively. The ordinary electron configuration of the monovalent free cations is ͑4f͒ n ͑6s͒ 1 but those of La, Ce, and Gd are ͑5d͒ 2 , ͑4f͒ 1 ͑5d͒ 2 , and ͑4f͒ 7 ͑5d͒ 1 ͑6s͒ 1 . 1 The bonding of lanthanide monofluoride molecules ͑LnF͒ is ionic, and the lanthanide is regarded as a cation. The ground states predicted for the LnF molecules according to the ligand field theory 2, 3 ͑LFT͒ have the configurations ͑4f͒ n−1 ͑6s͒ 2 for LaF, GdF, TbF, DyF, HoF, ErF, TmF, and LuF, ͑4f͒ n ͑6s͒ 1 for NdF, PmF, SmF, EuF, and YbF, and ͑4f͒ n−1 ͑5d͒ 1 ͑6s͒ 1 for the CeF and PrF molecules. The experimental assignments to the ground states run parallel to those of LFT. The ground state configurations for LaF 4 , CeF 5 , and GdF 6 have also been confirmed by a four-component relativistic method of Moriyama et al., 4 Wasada-Tsutsui et al., 5 and Tatewaki et al. 6 The presence of the F atom leads to complicate configurations in the LnF molecules; for example, La + in LaF is not ͑5d͒ 2 but ͑6s͒ 2 , and Ce + in CeF is not ͑4f͒ 1 ͑5d͒ 2 but ͑4f͒ 1 ͑5d͒ 1 ͑6s͒ 1 . Careful treatment is necessary for these states when these 4f, 5d, and 6s spinors have similar energies.
Recently, Wasada-Tsutsui et al. 5 have investigated the lower excited states of CeF by using the four-component relativistic Dirac-Fock-Roothaan ͑DFR͒ and configuration interaction ͑CI͒ methods with the reduced frozen-core approximation ͑RFCA͒. 7, 8 Dolg and Stroll 9 and Dai et al. 10 respectively applied the pseudopotential and density functional theory to consider the electronic structure of CeF. We now summarize the experimental results and outstanding theoretical problems in the assignments of CeF spectra. The band transition in the CeF molecule was first recorded by Lumley. 11 This is a red-degraded band at 17 610 cm −1 ͑2.181 eV͒. Rotational analysis of this band yielded R e and other spectroscopic constants of the upper ͑excited͒ and lower ͑ground͒ states. 12 The band was assigned as ⍀Ј = 4.5← ⍀Љ = 3.5 based on the magnetic rotation and doppler-free laser-fluorescence spectroscopys; 13, 14 here, ⍀ is the total electronic angular momentum around the molecular axis. Two more low-lying excited states were observed with excitation energies T 0 of 0.087 eV ͑⍀ = 4.5͒ and 0.186 eV ͑tentatively assigned ⍀ = 3.5͒ using selectively detected fluorescence excitation and dispersed fluorescence spectroscopy; 15 the symmetry of the higher state ͑⍀ = 3.5͒ was not experimentally determined and the results of the LFT were used for this assignment. Consequently, only three electronic excited states are observed at 0.087, 0.186, and 2.181 eV above the ground state and having ⍀ = 4.5, 3.5, and 4.5, respectively. Theoretically, approximately 35 states should be found in this energy region. 5 Wasada-Tsutsui et al. 5 showed that the theoretical excited states corresponding to experiment have excitation energies of 0.319 ͑⍀ = 4.5͒, 0.518 ͑⍀ = 3.5͒, and 2.197 eV ͑⍀ = 4.5͒. Although the calculated spectroscopic constants ͑R e and ͑1-0͒͒ show almost exact agreement, the differences between the experimental and theoretical excitation energies in the two lower excited states are large. In the present work, we have carefully studied the ground state and two lowest excited states. It will be shown that the present calculation gives excitation energies of 0.104 and 0.312 eV for the ⍀ = 4.5 and ⍀ = 3.5 states, respectively, which are much closer to experiment than those given by Wasada et al. 5 Furthermore, the state with ⍀ = 4.5 is found near to the ⍀ = 3.5 state as LFT. 15 In Sec. II, we set out the method of calculation, including four-component relativistic complete active space configuration interaction ͑CASCI͒ calculation 16 and secondorder multiconfigurational quasidegenerate perturbation 17, 18 ͑MC-QDPT͒ calculations. Section III sets out the excitation energies, spectroscopic constants, and the characteristics of the excited states. We also discuss the bonding properties of the ground state. It will be shown that the outermost three electrons, which move in the field given by Ce 3.6+ F 0.6− , are expressed as ͑4f͒ 1 ͑5d͒ 1 ͑6s͒ 1 . Concluding remarks are given in Sec. IV.
II. METHOD OF CALCULATION

A. RFCA and basis set
It is time consuming and difficult to treat all the 58 electrons of the Ce atom, so we used the RFCA proposed by Matsuoka and Watanabe throughout the present work. 7, 8 We first performed self-consistent field calculation. Previous studies of LaF + and LaF indicated that, to make sense of the spectra, it is vital to include correlation effects from the electrons in the 4s, 4p, 4d, 5s, and 5p spinors, and from the valence electrons of the 4f, 5d, 6s, and 6p spinors. 4 It is also necessary to include correlations from the F 2s and 2p electrons. We divided the electron shell groups into four categories: ͑1͒ frozen core, in which the spinors are fixed to the atomic ones, ͑2͒ active cores from which one and two electron excitations are allowed, but are not treated as valence shells in CASCI, ͑3͒ the valence shells, and ͑4͒ the virtual shells, which are given as f-core͕Zn 2+ ͑28͒ +He͑2͖͒ + a-core͕͑4s 2 4p 6 4d 10 5s 2 5p 6 ͒ + ͑2s 2 2p 6 ͖͒ + valence͑4f ,5d ,6s , 6p͒ + virtual ͑the remaining 135 spinors͒.
The frozen core ͑f-core͒ in Ce is a Zn 2+ -like ion core of Ce with 28 electrons, and a He-like ion core of F with 2 electrons. The active core ͑a-core͒ consists of Ce͑4s 2¯5 p 6 ͒ and F͑2s 2 2p 6 ͒. The number of electrons in the active core is 34. The valence shell is composed of three electrons, which are distributed in the CAS spanned with 4f, 5d, 6s, and 6p spinors. For the virtual shells, one-and two-electron excitations of the a-core and valence shell electrons are allowed in the perturbation calculations.
The basis set is Ce͓1 * 6 / 1 * 5+͑11͒ / 1 * 6 + ͑11͒ / 1 * 7 / 1 * 10/ ͑11͔͒ +F͓21/ 422/ ͑1͔͒, where the slash separates the symmetries s, p − , p + , d Ϯ , f Ϯ , and g Ϯ ; 1 * n implies that n primitive Gaussian-type functions ͑pGTFs͒ are used, and numbers 2 and 4 indicate that the contracted GTFs ͑cGTF͒ are spanned with two and four primitives, respectively. The ͑11͒, ͑11͒, and ͑11͒ for Ce are two p − , p + , 19 and two g Ϯ -type polarization functions with exponents 3.460͑g + ͒, 1.730͑g + ͒, 3.408͑g − ͒, and 1.7043͑g − ͒, whereas ͑1͒ for F is a single d Ϯ -type polarization function. 19 The total number of molecular spinors generated is 168.
The Ce pGTFs in parentheses are those of the most diffuse GTFs in the respective atomic spinors given by Koga, Tatewaki, and Matsuoka ͑KTM͒. 20 The Ce p Ϯ polarization functions have similar diffuseness ͑exponents 0.042, 0.012͒ to those of the s-type pGTFs for the 6s atomic spinor ͑expo-nents are 0.056, 0.023͒, so that we have not added further p primitives. For the F a-core, cGTFs are constructed from the atomic spinors given by KTM.
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B. CASCI and MC-QDPT
To calculate the electronic states of the neutral CeF molecule, we first performed RFCA DFR calculations for the neutral CeF molecule and the CeF + cation so as to prepare molecular spinors for CASCI. We call these two spinor sets the spinor-set͑N͒ and spinor-set͑C͒, respectively. Second, using the no-virtual-pair approximation, [22] [23] [24] [25] [26] [27] we performed CASCI ͑Ref. 16͒ calculations with the CeF + or CeF 16 virtual ͑valence͒ spinors as valence spinor sets. Three electrons are filled in the respective valence spinors. Third, to consider electron correlation effects among the valence electrons and between the valence and active-core electrons, we performed MC-QDPT ͑Refs. 17 and 18͒ calculations, taking into account the one-and two-electron excitations from the activecore and valence shells to all the valence and virtual spinors. The effective Hamiltonian obtained through second-order MC-QDPT is expressed as
where ͉͘ and ͉͘ denotes the CASCI eigenfunctions and H.c. is the Hermitian conjugate. E ͑0͒ and E I ͑0͒ are the zeroth order energies for the states and I, respectively, which are defined as
An anomaly involving the intruder states [28] [29] [30] is carefully checked in this investigation. The CAS spanned by the 16 valence spinors of CeF + and CeF was used. However, the present CAS and MC-QDPT programs independently treat the two strings of subspecies due to time reversal symmetry so that we actually used 32 valence spinors ͑16 Kramers pairs͒.
C. Numerov's method
Using the potential curves given by MC-QDPT, we obtained the spectroscopic constants of R e and e and two excitation energies of T e ͑the difference between the potential minima of the ground and excited states͒ and T 0 ͑the difference between the lowest vibrational energy of the ground state and that of the excited state͒, by solving the onedimensional Schrödinger equation with Numerov's method, 31, 32 which requires many values from the potential curve. These values are obtained from the cubic natural spline [33] [34] [35] fitted to the MC-QDPT potential curves. Six to eight vibrational levels are determined. Values of e , e x e , and e e are calculated using the lowest three vibrational states of the respective symmetries. We compiled only e , e x e , and ͑1-0͒ ͓the vibration transition energy from ͑0͒ to ͑1͒ of the respective electronic states͔ in the present work.
III. RESULTS
A. Intruder states
Using the ground state DFR spinors, we solved for CASCI; the dimension was 4960. We selected around 20 lowest CASCI solutions as the reference functions in MC-QDPT for the respective ⍀'s. In the MC-QDPT calculations, we encountered intruder states [28] [29] [30] in many states. We therefore abandoned using such large numbers of references such as 20. Instead we selected the lowest two to six solutions of CASCI for the respective ⍀'s, and performed MC-QDPT for R = 3.25, 3.50, 3.75, 4.00, 4.25 and 4.50 bohrs. We also introduced an energy-denominator shift ⌬ to deal with the contamination of the intruder state; we replaced the denominator 30 We found that ͑1͒ six reference functions are necessary to discuss the excitation energies lower than ϳ1.0 eV and ͑2͒ the ⍀ = 0.5 and 5.5 states are contaminated with intruder states. We shall ignore the results given by the ⍀ = 0.5 and 5.5 states. Table I shows the dependence of the excitation energies on ⌬ at R = 3.75 bohrs. The MC-QDPT total energies of the ground state for ⌬ = 0.0, 0.000 08, 0.000 40, 0.002 00, and 0.0200 are shown in the caption of Table I . They are almost independent of the changes in ⌬ at least when ⌬ is in the range of 0.0-0.002. The same is true for the total energies of the excited states and, therefore, is also true for the excitation energies. We note that the order of the excitation energy is reversed only for the 1.5-2 and 4.5-2 states at ⌬ = 0.000 08. The excitation energy of 4.5-2 keeps a constant value in 0.0008ഛ⌬ഛ0.002, however. Thus, we fix ⌬ to 0.000 08 and examine the electronic structure of CeF. The total energies, spectroscopic constants, and the excitation energies T e and T 0 are shown in Table II , which are given by MC-QDPT with spinor-set͑N͒ of the neutral CeF. We designate this computational scheme as MC-QDPT/ spinor-set͑N͒. The first ⍀ = 3.5 state ͑denoted as 3.5-1 in Table II͒ is the ground state, which is consistent with experiment. The first observed state has a symmetry of ⍀ = 4.5. The first calculated excited state is not the state having ⍀ = 4.5 ͑4.5-1͒, but is the 2.5-1 state. The calculated 4.5-1 state is found to be the third excited state.
Since the molecular spinors ͑MOs͒ of the cation are known to give better descriptions of molecular correlations, 36 we performed MC-QDPT with spinor-set͑C͒ of CeF + , setting ⌬ = 0.000 08. The results are shown in Table III. Comparison  between Tables II and III indicates that MC-QDPT/spinorset͑N͒ gives lower total energies only for 1.5-1, 2.5-1, and 2.5-2 than MC-QDPT/spinor-set͑C͒. ͑The ground state is again the first ⍀ = 3.5 ͑3.5-1͒ state, as shown in Table III We therefore use the results obtained using spinor-set͑C͒ to consider the electronic structure including spectroscopic constants.
C. Spectroscopic constants
The calculated spectroscopic constants are compared to those of the experiment in Tables IV͑A͒ and IV͑B͒ ; the observed values are in parentheses. Figure 1 shows the potential curves. The experimental equilibrium nuclear distance and the dissociation energy for the ground state are 3.871 bohrs and 6.03Ϯ 0.44 eV, and the calculated values are 3.882 bohrs and 5.873 eV. The vibrational transition from =0 to = 1 is correctly reproduced by the present calculation. Since e x e is near to 0, the potential curve for the ground state is accurately quadratic and ͑1-0͒ therefore is close to e . The same is true for the first excited state. For the lowest two states, the experimental spectroscopic con- stants including the excitation energy are almost perfectly reproduced by the present calculation. ͑The results are too perfect, we feel that some fortunate cancellation of errors causes these.͒ The experimental second lowest state is tentatively assigned as ⍀ = 3.5 and it is 0.186 eV above the ground state. The state with ⍀ = 3.5 appeared as the calculated fifth excited state found at 0.312 eV above the ground state, whereas the state with ⍀ = 4.5 appeared as the calculated fourth excited state. Since as shown in Table I , the energy-denominator shift ⌬ gives around 10% ambiguity in the excitation energies, a more precise investigation is necessary to confirm the energetic position of the second ⍀ = 3.5 and 4.5 states.
One may be interested in the basis set superposition error [38] [39] [40] ͑BSSE͒ and prolapse which is peculiar to the fourcomponent relativistic calculations. [41] [42] [43] [44] [45] We estimate them by the counterpoise method, assuming the full basis set given in Sec. II A as ghost orbitals. The results given by MC-QDPT are shown in the second part of Tables IV͑A͒ and IV͑B͒. The geometrical structure and the vibrational constants with counterpoise corrections almost agree with the values without them. A little differences are observed in energetics, however. For example, the ground state D e 's with and without the correction are 5.39 and 5.87 eV, respectively. The 90% of reduction in D e arises from the energy lowering in F; the large ghost basis set replaced at Ce leads to a large counterpoise correction for F. Since we use the basis sets that give near numerical DF energies especially for F, and since the He core in F and the Zn 2+ core in Ce are frozen to the respective atomic-ion cores, the BSSE and the prolapse should be small. Moreover, the counterpoise method in MC-QDPT includes the molecular extra correlation energies ͑MECEs͒ which are brought by electron pairs in F / Ce being scattered into Ce/ F virtual spinors, indicating again that the BSSEs in the counterpoise corrections are unrealistically too much exaggerated; MECE is one of the origin to make a stable chemical bond. The counterpoise corrections might be unneeded under the use of the RFCA with the sizes of the present basis set.
One may doubt sufficiency of the nondynamical correlation effects among valence electrons. We enlarge the valence spinors by 50% ͑16 spinors→ 24 spinors͒ and performed the CASCI and MC-QDPT calculations in order to see the effects of increasing the nondynamical correlation effects on the physical quantities. Results are collected in Table V . The calculated spectroscopic constants in Table V are close to  those of Table IV͑A͒ , but the latter gives slightly better agreement with experiment. The larger T 0 's in Table V than those in Table IV͑A͒ indicate that enlargement of the CASCI space ͑the valence spinors͒ works better for the ground state than for the excited states. We always encounter the imbalance of estimated correlation energies. The T 0 's of second ⍀ = 4.5 and 3.5 states in Table V become closer to each other  than those in Table IV͑A͒ , indicating again the necessity of further investigations to confirm the relative position of the two states.
D. Characters of the respective state
The spinor energies and gross atomic orbital populations 46 ͑GAOPs͒ calculated with MC-QDPT/spinorset͑C͒ are given in Table VI. Figure 2 shows the density contour maps for the spinor. Important CSFs and approximate GAOPs in MC-QDPT, which are given by the following equation, are set out in Table VII :
where , I, and C I denote the symmetry of the atomic spinor, the configuration, and mixing configurational coefficients, respectively. The present ground state ͑entry No. 0͒ is expressed approximately as ͕͑4f − ͒ 5/2 ͑5d − ͒ 3/2 ͑6s + ͒ 1/2 ͖ 7/2 , where i indicates the Kramers partner of the spinor i and the suffix after ͑i͒ is the spinor angular momentum around the molecular axis. The suffix after the configuration in braces is ⍀. This configuration is in accord with the experimentally assigned ͑4f͒͑5d͒͑6s͒ configuration and is the same as the designation of Wasada-Tsutsui et al. 5 The first experimental excited state ͑entry No. 1͒ is ͑4f͒͑5d͒͑6s͒ with ⍀ = 4.5, located 0.087 eV above the ground state. 15 The calculated state corresponding to this is found at 0.104 eV and is approximately expressed as ͕͑4f − ͒ 5/2 ͑5d − ͒ 3/2 ͑6s + ͒ 1/2 ͖ 9/2 . The results seem to be satisfactory. Wasada-Tsutsui et al. gave the same configuration as here, but their excitation energy is rather large ͑0.319 eV͒. Their calculation is a single and double excitation configuration interaction ͑SDCI͒ using a single reference function. Entry No. 1 in Table VII shows that the weight of the main configuration is large. This implies that a single reference SDCI calculation is adequate. The difference between the two calculations probably originates from the differences in the active core; the present calculation uses 4s 2 4p 6 4d 10 5p 6 and Wasada-Tsutsui et al. used 5p 6 . Referring to the LFT, 15 the second experimental excited state located 0.186 eV above the ground state was tentatively assigned as ͑4f͒͑5d͒͑6s͒ with ⍀ = 3.5. In our study, the calculated state with ⍀ = 3.5 ͑entry No. 5͒ is found 0.314 eV above the ground state. The configuration of this state is 0.4͕͑4f − ͒ 5/2 ͑5d + ͒ 3/2 ͑6s + ͒ 1/2 ͖ 7/2 + 0.3͕͑4f + ͒ 5/2 ͑5d − ͒ 3/2 ͑6s + ͒ 1/2 ͖ 7/2 , where the numbers before the configuration indicate the weight. We also have a state near to this. It exists 0.259 eV ͑entry No. 4͒ above the ground state. The configuration of the state is 0.6͕͑4f − ͒ 5/2 ͑5d + ͒ 3/2 ͑6s + ͒ 1/2 ͖ 9/2 TABLE VII. MC-QDPT/spinor-set͑C͒ wavefunction analysis at R = 3.882 bohrs with threshold ⌬ = 0.000 08. The numbers after ⍀ are the order of the electronic energy state; for example, 3.5-1 means the first electronic state in ⍀ = 3.5.
E. Chemical bond in CeF
No. 
IV. CONCLUSION
We have investigated the ground state and the two lowest excited states using the four-component CASCI and second-order MC-QDPT calculations, assuming the RFCA. 7, 8 All of the states investigated states arise approximately from the same configuration ͑4f͒ 1 ͑5d͒ 1 ͑6s͒ 1 but with differing electron angular momentum with respect to the molecular spinors, and with different total electron angular momentum around the molecular axis ͑⍀͒. The lowest excited state is experimentally found at 0.087 eV. The corresponding calculated state was 0.104 eV above the ground state, having ͕͑4f − ͒ 5/2 ͑5d − ͒ 3/2 ͑6s + ͒ 1/2 ͖ 9/2 . For this state, the calculated spectroscopic constants all agree with the experimental values.
The second lowest excited state is experimentally found 0.186 eV above the ground state. The experimental ⍀ value for this state is tentatively given as 3.5, based on the ligand field theory ͑LFT͒ calculation. 15 ͑The LFT gives excitation energies of 0.214 and 0.273 eV for the ⍀ = 3.5 and 4.5 states, respectively.͒ In the present calculation, the state corresponding to ⍀ = 3.5 is found 0.314 eV above the ground state having 0.4͕͑4f − ͒ 5/2 ͑5d + ͒ 3/2 ͑6s + ͒ 1/2 ͖ 7/2 + 0.3͕͑4f + ͒ 5/2 ͑5d − ͒ 3/2 ͑6s + ͒ 1/2 ͖ 7/2 , where the numbers before the braces are the weights of the respective configurations. We also have a state with ⍀ = 4.5 at 0256 eV above the ground state. More precise calculations are necessary to confirm the assignment of the second lowest excited states. 
